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In this paper, we give a new realization of the local Langlands
correspondence for PGL(2, F ), where F is a p-adic ﬁeld of odd
residual characteristic. In this case, supercuspidal representations
of PGL(2, F ) are parameterized by characters of elliptic tori. Taking
a cue from real groups, we propose that supercuspidal represen-
tations are naturally parameterized by characters of covers of tori.
Over the reals, Harish-Chandra deﬁned the discrete series represen-
tations by specifying their characters restricted to an elliptic torus,
and these characters may naturally be expressed in terms of char-
acters of a cover of the torus. We write down a natural analogue
of Harish-Chandra’s character for PGL(2, F ), and show that it is the
character of a unique supercuspidal representation, on a canonical
subset of the elliptic torus. This paves the way for a realization of
the local Langlands correspondence for PGL(2, F ) that eliminates
the need for any character twists.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
In this paper, we reexamine the local Langlands correspondence for PGL(2, F ), where F is a non-
Archimedean local ﬁeld of characteristic zero with odd residual characteristic, using character theory
and ideas from the theory of real reductive groups. Our main result is a construction of the local Lang-
lands correspondence which gives an alternative explanation of some of the technical issues arising
in [6].
Our results illuminate some new ideas about character theory of p-adic groups and local Langlands
correspondence for p-adic groups not known before. In particular, irreducible Weil group representa-
tions WF → SL(2,C) and supercuspidal representations of PGL(2, F ) are most naturally parameterized
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M. Adrian / Journal of Number Theory 133 (2013) 446–474 447not by characters of elliptic tori, but by genuine characters of double covers of elliptic tori, as is the
case for admissible representations of real groups. We show that the supercuspidal representations of
PGL(2, F ) are also naturally parameterized by genuine characters of double covers of elliptic tori using
character theory. To do this we rewrite supercuspidal characters in terms of double covers of elliptic
tori as in Harish-Chandra’s discrete series character formula and as in the Weyl character formula.
Rewriting the supercuspidal character formulas in this way paves the way for a construction of local
Langlands correspondence for PGL(2, F ) that eliminates the need for any ﬁnite order character twists
in the local Langlands correspondence for PGL(2, F ) that arise in [6]. As we shall see, our results and
formulas also give a natural explanation of the character formulas that ﬁrst appeared in [15].
Let us ﬁrst recall the classical construction of the local Langlands correspondence for GL(2, F )
(note that the local Langlands correspondence for PGL(2, F ) can be obtained from that of GL(2, F )
by isolating the representations of GL(2, F ) with trivial central character). We wish to note that a
local Langlands correspondence for GL(n, F ) was conjectured by Moy in [11] for general n. Because
of recent work of Bushnell and Henniart (see [5]), the correspondence of [11] is indeed correct for
GL(, F ),  a prime. By [6], there is a map
{isomorphism classes of admissible pairs} → {supercuspidal representations of GL(2, F )}
(E/F ,χ) → πχ
where χ is a character of E∗ satisfying certain conditions to be described in Section 4.1, and E/F is
an extension of degree 2. This map is a bijection (see [6]). Moreover, we have a bijection
{
admissible pairs (E/F ,χ)
}→ {irreducible W F → GL(2,C)}
(E/F ,χ) → IndWFWE (χ) =: ϕ(χ)
(see [6]). The problem is that the obvious map,
ϕ(χ) → πχ ,
the so-called “naive correspondence”, is not the local Langlands correspondence because πχ has the
wrong central character. Instead, the local Langlands correspondence is given by
ϕ(χ) → πχ Fμχ
(see [6]) for some subtle ﬁnite order character Fμχ of E∗ . The proof of this is due to Kutzko (see [9]),
and we will review the main ingredients needed from the correspondence in Section 4.1. We will
show that if one considers genuine characters of canonical double covers of elliptic tori rather than
characters of elliptic tori, then one obtains a realization of the local Langlands correspondence that
eliminates the need for any character twists. We do this in the following way.
Taking the cue from the theory of real groups, we use genuine characters χ˜ of certain double
covers of elliptic tori, denoted by T (F )τ◦ρ , instead of characters of elliptic tori T (F ), to parameter-
ize both supercuspidal Weil parameters for PGL(2, F ) and supercuspidal representations of PGL(2, F )
using character theory. In Section 4.3, we give a method for attaching a genuine character of a dou-
ble cover of elliptic tori satisfying certain regularity conditions, to a supercuspidal Weil parameter of
PGL(2, F ):
{
supercuspidal W F → SL(2,C)
}↔ {regular genuine characters of T (F )τ◦ρ}
ϕ → χ˜ . (1.1)
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Chandra type character formula, denoted by F (χ˜ ), in Section 4.3. In Sections 4.6, 4.7, 4.8, and 5,
we show that this naturally gives a bijection
{
regular genuine characters of T (F )τ◦ρ
}→ {supercuspidal representations of PGL(2, F )}
χ˜ → π(χ˜) (1.2)
where π(χ˜) is the unique supercuspidal representation of PGL(2, F ), whose character, restricted to
a certain natural subset of T (F ) (to be described later), is F (χ˜ ). We remark that the characters of
GL(2, F ) were computed by Shimizu (see [16]), and those of PGL(2, F ) by Silberger (see [17]).
We then show that the composition of bijections (1.1) and (1.2),
ϕ → χ˜ → π(χ˜),
is the local Langlands correspondence for PGL(2, F ).
Let G be a connected reductive group deﬁned over R, and LG its L-group. In the theory of real
groups, an admissible homomorphism WR → LG factors through the normalizer of a torus in LG . As
such, it naturally produces a genuine character of the ρ-cover of T (R), denoted by T (R)ρ , a certain
double cover of T (R), which we now deﬁne. First, we need to make the following deﬁnition.
Deﬁnition 1.1. Let G be a connected reductive group over R, and let T ⊂ G be a maximal torus over R.
Let X∗(T ) be the character group of T . Let + be a set of positive roots of G with respect to T . Let
ρ = 12
∑
α∈+ α. Then 2ρ ∈ X∗(T ). Viewing 2ρ as also a character of T (R) by restriction, we deﬁne
the ρ-cover of T (R) as the pullback of the two homomorphisms
2ρ : T (R)→C∗ ΥR :C∗ →C∗
t →2ρ(t) z → z2.
We denote the ρ-cover by T (R)ρ , and so the following diagram commutes:
T (R)ρ
ρ
ΠR
C∗
ΥR
T (R)
2ρ
C∗
Note that because of the commutativity of the diagram, although ρ is not necessarily a character
of T (R), ρ is naturally a character of T (R)ρ . Moreover, ΠR is the canonical projection ΠR(t, λ) = t .
The Weyl group acts on T (R)ρ as follows: If (t, λ) ∈ T (R)ρ , then deﬁne
s(t, λ) := (st, es−1ρ−ρ(t)λ) ∀s ∈ W (G(R), T (R)). (1.3)
The genuine characters of T (R)ρ that naturally arise from Weil parameters are used to form L-
packets. One can write down more explicitly the local Langlands correspondence for discrete series
representations, and this is the motivation for our work.
For PGL(2,R), the local Langlands correspondence for discrete series representations is as follows.
Fix a positive set of roots + of G with respect to T . Let ϕ : WR → SL(2,C) be a discrete series
parameter, and let T (R) be the compact torus of PGL(2,R). Then ϕ naturally gives rise to a genuine
character χ˜ of T (R)ρ . By Harish-Chandra’s discrete series character theorem, χ˜ gives rise to a unique
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of T (R), is given by a natural quotient of functions on T (R)ρ (see Section 3 for more details). The
map
ϕ → π(χ˜) (1.4)
is the local Langlands correspondence for discrete series representations of PGL(2,R). Thus, one can
write down the correspondence for discrete series in terms of character theory. This is the approach
we take in this paper, and we will show that the above correspondence (1.4) carries over naturally
to the p-adic setting. We will review the ingredients that we need from the theory of real groups in
Section 3.
One of the results that we will prove is an analogue of Harish-Chandra’s discrete series character
theorem for PGL(2, F ), where F is a p-adic ﬁeld of characteristic zero. In doing this, we give a new
realization of the local Langlands correspondence for PGL(2, F ), and the character twists Fμχ go away.
Before we present our main results, we need to deﬁne the covers of tori that will be essential, which
are an analogue of the ρ-cover that appears in the theory over the reals.
Let G be a connected reductive group deﬁned over F , and T a maximal torus in G deﬁned over F .
Let + be a choice of positive roots of G with respect to T . Let ρ = 12
∑
α∈+ α. Let λ be a character
of K ∗ , where K/F contains the minimal splitting ﬁeld of T . Note that the image of 2ρ , restricted to
T (F ), lies in K ∗ .
Deﬁnition 1.2. We deﬁne the λ ◦ ρ-cover of T (F ), denoted by T (F )λ◦ρ , as the pullback of the two
homomorphisms
λ ◦ 2ρ : T (F )→C∗ Υ :C∗ →C∗
t →λ ◦ 2ρ(t) z → z2,
T (F )λ◦ρ
λ◦ρ
Π
C∗
Υ
T (F )
λ◦2ρ
C∗
That is, T (F )λ◦ρ = {(z,w) ∈ T (F ) ×C∗: λ(2ρ(z)) = w2}.
Note that the above map T (F )λ◦ρ → C∗ sends (z,w) to w . We have denoted this map by λ ◦ ρ ,
even though this map is not literally λ composed with ρ . Moreover, Π is the canonical projection
Π(z,w) = z. We will use these maps repeatedly.
We need some notation before stating our main results. If T is a torus in G that is deﬁned over F ,
let W = W (G(F ), T (F )) denote the relative Weyl group of G(F ) with respect to T (F ). Let G(F ) =
PGL(2, F ), and let T (F ) = E∗/F ∗ be an elliptic torus in PGL(2, F ), where E = F (√ζ ) for some ζ . If
s ∈ W (G(F ), T (F )) we set (s) := (−1, ζ )(s) , where ( , ) denotes the Hilbert symbol of F , where (s)
denotes the length of s. Let T (F )reg denote the regular elements of T (F ). Our main results will be the
following theorems, which we will prove in Sections 4 and 5.
Theorem 1.3. Assume that the residual characteristic of F is not 2. Let τ˜ be any character of E∗ whose restric-
tion to F ∗ is ℵE/F , where ℵE/F is the local class ﬁeld theory character of F ∗ relative to E/F . Let τ := τ˜ | |E
where | |E denotes the E-adic absolute value. Let + be a set of positive roots of G with respect to T . Let
T (F )τ◦ρ be as before. Let χ˜ be a genuine character of T (F )τ◦ρ that is regular.
Then there exists a unique nonzero constant (χ˜ ,+, τ ), depending only on χ˜ ,+ , and τ , and a unique
supercuspidal representation of PGL(2, F ) denoted by π(χ˜), such that
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(
χ˜ ,+, τ
) ∑s∈W (s)χ˜ (sw)
τ (0(z,+))(τ ◦ ρ)(w) ∀z ∈ T (F )
reg: 0 n(z) r/2,
where w ∈ T (F )τ◦ρ is any element such that Π(w) = z and r is the depth of π(χ˜). Moreover, every super-
cuspidal character of PGL(2, F ) is of this form.
We will deﬁne all of the notation in the above theorem in Sections 4–5, including n(z),
(χ˜ ,+, τ ), and regularity. We remark that n(z) comes from a canonical ﬁltration on the torus T (F ),
and is deﬁned in [8]. We wish to make a few comments about the constant (χ˜ ,+, τ ). Firstly,
|(χ˜ ,+, τ )| is a known real number in that it has to do with a canonical measure on the Lie alge-
bra. The subtlety of (χ˜ ,+, τ ) is in the fourth roots of unity that appear in it.
There is only one difference between this character formula and the character formula for discrete
series of real reductive groups due to Harish-Chandra. If we were to literally transport the character
formula of Theorem 3.4 to the p-adic case, then the denominator 0(h,+)ρ(h˜) would take values
in F ∗ , which would be problematic since characters must take values in C∗ . Therefore, we introduce
a C∗-valued character τ of F ∗ into the denominator in order that the denominator take values in C∗ .
In fact, τ will only need to be a C∗-valued character of E∗ .
Now let ϕ be a supercuspidal Weil parameter for PGL(2, F ). We will show in Section 4 how to
construct a regular genuine character, χ˜ , of T (F )τ◦ρ , from ϕ . We will then prove the following theo-
rem.
Theorem 1.4. In the setting of Theorem 1.3, the assignment
ϕ → χ˜ → π(χ˜)
is the local Langlands correspondence for PGL(2, F ).
We wish to make a few comments regarding generalizations. Firstly, we have shown that every-
thing in this paper can be generalized to PGL(n, F ) and GL(n, F ), n a prime, under the condition that
if n is odd, then the residual characteristic of F is greater than 2n (see [3]). Moreover, jointly with
Joshua Lansky, we have been able to generalize this work to more general reductive groups, such as
PGSp(4, F ) (see [4]), using the theory of “groups of type L” (see [14]). Using the theory of “groups
of type L”, we expect to be able to generalize our work to at least the setting of depth zero su-
percuspidal L-packets. While there is hope for positive depth supercuspidal L-packets, the character
formulas in the positive depth setting are quite complicated, and we are unsure whether it is possible
to unpackage them in a uniform way in order to match them up with our conjectural formulas.
2. Notation and deﬁnitions
Let F denote a local non-Archimedean ﬁeld of characteristic zero, oF its ring of integers, and
pF the maximal ideal of oF . We let p denote a uniformizer of F . Let kF denote the residue ﬁeld
of F with cardinality q. Every element x ∈ F ∗ can be written uniquely as x = upn for some unit
u ∈ o∗F , and some n ∈ Z. We set v F (x) = n. We let WF denote the Weil group of F (see [6] for
its deﬁnition). We choose an element Φ ∈ Gal(F/F ) whose inverse induces on kF the map x → xq .
The level of a character ψ : F → C∗ is deﬁned to be the least integer d such that pdF ⊂ ker(ψ). The
level of a character χ : F ∗ → C∗ is deﬁned to be the least integer n  0 such that χ is trivial on
1 + pn+1F . These deﬁnitions will be used for ﬁeld extensions of F as well, where they will continue
to be integer valued. For the deﬁnition of depth of an irreducible admissible complex representation,
see [12]. Throughout, we ﬁx once and for all an additive character ψ of F of level one. If E/F is a
separable extension, N (or sometimes NE/F ) will denote the norm map from E to F , TrE/F will denote
the trace map from E to F , and Aut(E/F ) will denote the group of automorphisms of E that ﬁx F
pointwise. When we write a decomposition w = pnu where w ∈ F ∗ , we mean that u ∈ o∗F . If E/F is
quadratic and E = F (δ), we will frequently decompose an element w ∈ E as w = pnu + pmvδ where
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υ(w) where 1 = υ ∈ Gal(E/F ). Let ( , ) denote the Hilbert symbol of F . If E/F is Galois, we let ℵE/F
denote the local class ﬁeld theory character of F ∗ relative to the extension E/F . Let | |F denote the
standard normalized absolute value on F . If K/F is a ﬁnite separable extension, we let | |K denote
the unique absolute value of K that extends the absolute value on F . In Section 5, τ˜ will denote any
character of E∗ whose restriction to F ∗ is ℵE/F , where E/F is a tame quadratic extension, and we
will set τ := τ˜ | |E . We will generally write | | when it is clear which ﬁeld we are referring to.
If
1→ Z/2Z→ A → B → 1
is an exact sequence of groups, then a character β of A is said to be genuine if β|Z/2Z is not trivial
(that is, β does not arise from a character of B). When we say that a 2-fold cover of a group (as above)
splits, we mean that the exact sequence splits. If G denotes any group, then Gab denotes its abelian-
ization. If G is a connected reductive group deﬁned over F and T is a maximal torus in G deﬁned
over F , then we will frequently write the ﬁnite relative Weyl group as W instead of W (G(F ), T (F )).
We will write T (F )reg for the set of regular elements in T (F ). In particular, if T (F ) = E∗ , where E/F
is a quadratic extension, then the regular elements of T (F ) are the set of elements w ∈ E∗ such that
w = w . If B is a normal subgroup of A and a ∈ A, then we will write [a] to denote the class of a in
A/B .
3. Discrete series Langlands parameters and character formulas for real groups
In order to motivate the theory that we wish to develop for p-adic groups, we describe the corre-
sponding theory over R since this is what our theory is based upon. More information can be found
in [2].
Let G be a connected reductive group over R that contains a compact torus. It is known that this
is equivalent to G(R) having discrete series representations. Recall Deﬁnition 1.1.
Deﬁnition 3.1. A genuine character χ˜ of T (R)ρ is called regular if sχ˜ = χ˜ for every s ∈ W (G(R), T (R))
such that s = 1, where sχ˜ (t, λ) := χ˜ (s−1(t, λ)).
Deﬁnition 3.2. Let t be an indeterminate and let k denote the rank of G . For h ∈ G , deﬁne the Weyl
denominator DG(h) by
det
(
t + 1− Ad(h))= DG(h)tk + · · · + (terms of higher order).
Then if  is the set of roots of T in G ,
DG(h) =
∏
α∈
(
1− α(h)).
Deﬁnition 3.3. Let G be a connected reductive group over R, T ⊂ G a maximal torus over R. Let +
be a set of positive roots of G with respect to T . Deﬁne
0
(
h,+
) := ∏
α∈+
(
1− α−1(h)), h ∈ T (R).
Let ρ denote half the sum of the positive roots. Then if the cardinality of + is n, we have
(−1)nDG(h) = 0
(
h,+
)2
(2ρ)(h).
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∣∣DG(h)∣∣ 12 = ∣∣0(h,+)∣∣∣∣ρ(h)∣∣.
In general, ρ is not in X∗(T ). Therefore, ρ is not a well-deﬁned character of T (R). However, ρ is
a well-deﬁned character of T (R)ρ . If h˜ ∈ T (R)ρ maps to h ∈ T (R) via the canonical projection, then
∣∣DG(h)∣∣ 12 = ∣∣0(h,+)∣∣∣∣ρ(h)∣∣= ∣∣0(h,+)∣∣∣∣ρ(h˜)∣∣.
We now present the classiﬁcation of discrete series representations of G(R).
Theorem 3.4 (Harish-Chandra). Let G be a connected reductive group, deﬁned overR. Suppose that G contains
a real Cartan subgroup T that is compact mod center. Let + be a set of positive roots of G with respect to T .
Let ρ := 12
∑
α∈+ α. Let χ˜ be a genuine character of T (R)ρ that is regular. Let W := W (G(R), T (R)) be
the relative Weyl group of G(R) with respect to T (R). Let (s) := (−1)(s) where (s) is the length of the
Weyl group element s ∈ W . Let T (R)reg denote the regular set of T (R). Then there exists a unique constant
(χ˜ ,+) = ±1, depending only on χ˜ and + , and a unique discrete series representation of G(R), denoted
by π(χ˜), such that
θπ(χ˜)(h) = 
(
χ˜ ,+
)∑s∈W (s)χ˜ (sh˜)
0(h,+)ρ(h˜)
, h ∈ T (R)reg,
where h˜ ∈ T (R)ρ is any element such that Π(h˜) = h. Moreover, every discrete series character of G(R) is of
this form.
This character formula is a variant of the formula found in the literature, using ρ-covers. A refer-
ence for this theorem is [1, Deﬁnition 3.1]. We can be more speciﬁc about the constant (χ˜ ,+). In
particular, (χ˜ ,+) = (−1)(s) where s ∈ W makes dχ˜ dominant for + , dχ˜ denoting the differential
of χ˜ .
It is important to note that while the numerator and denominator of the character formula live on
T (R)ρ , the quotient factors to a legitimate function on T (R)reg .
We conclude the section by describing the local Langlands correspondence for discrete series rep-
resentations of PGL(2,R). Fix a positive set of roots + of G with respect to T . Let φ : WR → SL(2,C)
be a discrete series Weil parameter. By the theory in [2], φ canonically gives rise to a genuine char-
acter χ˜ of T (R)ρ . By Harish-Chandra’s discrete series theorem, χ˜ canonically gives rise to a unique
discrete series representation, denoted by π(χ˜), whose distribution character is
F (χ˜ )(h) := (χ˜ ,+)∑s∈W (s)χ˜ (sh˜)
0(h,+)ρ(h˜)
, h ∈ T (R)reg,
where h˜ ∈ T (R)ρ is any element such that Π(h˜) = h. Then the map φ → π(χ˜) is the local Lang-
lands correspondence for discrete series representations of PGL(2,R). The rest of the paper will be
devoted to proving the analogous result for PGL(2, F ), where F is a local non-Archimedean ﬁeld of
characteristic zero.
4. Positive depth supercuspidal character formulas for PGL(2, F )
In this section we present our realization of the positive depth local Langlands correspondence for
PGL(2, F ), modeled on the local Langlands correspondence for PGL(2,R). We ﬁrst brieﬂy review the
construction of the local Langlands correspondence for GL(2, F ) as in [6], and then we recall some
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conjectural character formula for a supercuspidal representation of PGL(2, F ). This formula is written
in terms of genuine functions on a double cover of an elliptic torus. In that section, we will unwind
the formula so that it can be written in terms of functions on an elliptic torus, so that we can compare
it with the known character formula of a supercuspidal representation of PGL(2, F ) (which is written
in terms of functions on an elliptic torus). In particular, we will eventually pull back our character
formula to a character formula on GL(2, F ), and then compare this formula with the known character
formula of a supercuspidal representation of GL(2, F ) (recall that the representations of PGL(2, F ) are
the representations of GL(2, F ) with trivial central character). In Section 4.4, we recall the formula for
the character of a positive depth supercuspidal representation of GL(2, F ), and we deﬁne the constant
(χ˜ ,+, τ ) that appears in our character formula in Theorem 1.3. In Section 4.5, we recall the Moy–
Prasad ﬁltrations on an elliptic torus of GL(2, F ), and we then explicitly determine the depth zero
elements in such an elliptic torus. In Section 4.6, we prove that the conjectural character formula
that we attached to a Langlands parameter for PGL(2, F ) agrees, far away from the identity, with the
character formula of the supercuspidal representation that is attached to the Langlands parameter
via the local Langlands correspondence (in our setting, if E∗ is an elliptic torus in GL(2, F ), then the
elements in E∗ that are far away from the identity are just the elements in E∗ \ F ∗(1 + pE)). The rest
of Section 4 is devoted to showing that there are no other supercuspidal representations of PGL(2, F )
whose character agrees with ours, far away from the identity.
4.1. Local Langlands correspondence for GL(2, F )
In this subsection, we describe the construction of the local Langlands correspondence for GL(2, F )
as explained in [6].
Let E/F be a tamely ramiﬁed quadratic extension and χ a character of E∗ . Recall that N denotes
the norm map from E to F .
Deﬁnition 4.1. The pair (E/F ,χ) is called an admissible pair if
(i) χ does not factor through N and
(ii) if χ |1+pE factors through N , then E/F is unramiﬁed.
We write P2(F ) for the set of F -isomorphism classes of admissible pairs. For more information
about admissible pairs, see [6, Section 18].
Deﬁnition 4.2. Let (E/F ,χ) be an admissible pair where χ is level n. We say that (E/F ,χ) is minimal
if χ |1+pnE does not factor through N .
Let A02(F ) denote the set of equivalence classes of all irreducible supercuspidal representations of
GL(2, F ). We then have the following theorem:
Theorem 4.3. (See [6, Section 20.2].) Suppose that the residual characteristic of F is not 2. There is a map
(E/F ,χ) → πχ which induces a bijection
P2(F ) →A02(F ).
Furthermore, if (E/F ,χ) ∈ P2(F ), then:
(i) ωπχ = χ |F ∗ ,
(ii) if φ is a character of F ∗ , then πχφE = φπχ .
Let G02(F ) be the set of equivalence classes of irreducible smooth two-dimensional representations
of WF . Recall that there is a local Artin reciprocity isomorphism WabE
∼= E∗ . Then, if (E/F ,χ) ∈ P2(F ),
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We can then form the induced representation φχ = IndWFWE χ of WF .
If K/F is a ﬁnite separable extension and ψ is a character of F where ψ = 1, let λK/F (ψ) denote
the Langlands constant, as in [6, Section 34.3].
Deﬁnition 4.4. Let (E/F ,χ) be an admissible pair in which E/F is unramiﬁed. Deﬁne Fμχ to be the
unique quadratic unramiﬁed character of E∗ .
Let μF denote the group of roots of unity in F of order prime to the residual characteristic of F .
Let E/F be a totally tamely ramiﬁed quadratic extension, let  be a uniformizer of E , and let β ∈ E∗ .
Since o∗E = μE(1+ pE ) = μF (1+ pE ), there is a unique root of unity Γ (β,) ∈ μF such that
β−vE (β) = Γ (β,) (mod (1+ pE)).
Deﬁnition 4.5. (i) Let (E/F ,χ) ∈ P2(F ) be a minimal admissible pair such that E/F is totally tamely
ramiﬁed. Let n be the level of χ and let α(χ) ∈ p−nE satisfy χ(1+ x) = ψE (α(χ)x), x ∈ pnE . There is a
unique character Fμχ of E∗ such that:
Fμχ |1+pE = 1, Fμχ |F ∗ = ℵE/F ,
Fμχ() = ℵE/F
(
Γ
(
α(χ),
))
λE/F (ψ)
n.
(ii) Let (E/F ,χ) ∈ P2(F ) and suppose that E/F is totally tamely ramiﬁed. Write χ = χ ′χE for a
minimal admissible pair (E/F ,χ ′) and a character χ of F ∗ . Deﬁne
Fμχ = Fμχ ′ .
Theorem 4.6 (Local Langlands correspondence). (See [6, Section 34].) Suppose the residual characteristic of F
is not 2. For φ ∈G02(F ), deﬁne π(φ) = πχ Fμχ for any (E/F ,χ) ∈ P2(F ) such that φ ∼= φχ . The map
π :G02(F ) →A02(F )
is the local Langlands correspondence for GL(2, F ).
Proposition 4.7. (See [6, Section 33].) If φ ∈G02(F ) and π = π(φ), then ωπ = det(φ).
4.2. The Weil index
Here we collect some basic results on the Weil index, which we will need for various compu-
tations. These results are due to Ranga Rao, and one can ﬁnd the proofs and deﬁnitions in [13].
Throughout, F denotes either a local ﬁeld or a ﬁnite ﬁeld of characteristic = 2. Let η be a nontrivial
additive character of F . For any a ∈ F , we write aη for the character aη : x → η(ax).
Deﬁnition 4.8. Deﬁne
γF (η) :=Weil index of x → η
(
x2
)
,
γF (a, η) := γF (aη)/γF (η), a ∈ F ∗.
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(1) γF (ac2, η) = γF (a, η) and γF (ab, η)γF (a, η)−1γF (b, η)−1 = (a,b).
(2) γF (−1, η) = γF (η)−2 .
(3) {γF (a, η)}2 = (−1,a) = (a,a).
Let Q be a non-degenerate quadratic form of degree n over F .
Deﬁnition 4.10. The Hasse invariant hF (Q ) is deﬁned as follows:
hF (Q ) = γ (η ◦ Q )
{
γF (η)
}−n{
γF (det Q , η)
}−1
.
Here γ (η ◦ Q ) is the Weil index of x → η(Q (x)).
Lemma 4.11. If n = 2, and Q = a1x21 + a2x22 , a1,a2 ∈ F ∗ , then hF (Q ) = (a1,a2).
Let ζ ∈ o∗F be a non-square, and let ψ be an additive character of F . Let (ψ) denote the level
of ψ . We will need the following two results when we match up our conjectural character formula
with a supercuspidal character of PGL(2, F ).
Lemma 4.12. γF (ζ,ψ) = (−1)(ψ) .
Proof. Let a ∈ F ∗ be arbitrary. By Deﬁnition 4.8, γF (a,ψ) = γF (aψ)γF (ψ) . Proposition A.11 of [13] implies
that
γF (aψ)
γF (ψ)
= γF (aψ)
(aψ)
γF (ψ)
(ψ)
where (ψ) is the level of ψ and where F is the residue ﬁeld of F .
Now,
γF (aψ)
(aψ) = γF (a,ψ)(aψ)γF (ψ)(aψ)
by Deﬁnition 4.8. We therefore have
γF (aψ)
(aψ)
γF (ψ)
(ψ)
= γF (a,ψ)
(aψ)γF (ψ)
(aψ)
γF (ψ)
(ψ)
.
Write a = pmu. Then (aψ) = (ψ) −m. Moreover,
γF (a,ψ) =
(
a
F
)
by Proposition A.9 of [13], where ( a
F
) denotes the Legendre symbol.
In our setting, a = ζ is a non-square unit, so m = 0. Therefore, altogether, we have
γF (ζ,ψ) =
(
ζ
)(ζψ)
= (−1)(ψ). 
F
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ramiﬁed quadratic extension. Write E = F (√ζ ), for some ζ .
Lemma 4.13. λE/F (ψ) = γF (ζ,ψ)(−1, ζ ).
Proof. By [6, pages 240–241], λE/F is the Weil index (cf. Deﬁnition 4.8) of
q : E∗ →C∗
where q(z) := ψ(N(z)), where N is the norm map N : E∗ → F ∗ . The associated symmetric bilinear
form is
(z,w)q := Tr(zw)
2
.
We wish to therefore calculate the Weil index γ (ψ ◦ N), which will be the Langlands constant
λE/F (ψ).
A basis for E/F is 1, δ, where E = F (δ), δ = √ζ . Then, (1,1)q = 1, (1, δ)q = (δ,1)q = 0, and
(δ, δ)q = −ζ . Thus, the matrix of the quadratic form is
(
1 0
0 −ζ
)
.
Then, by Deﬁnition 4.10,
γ (ψ ◦ N) = hF (N)γF (ψ)nγF
(
det(N),ψ
)
.
In our setting, n = 2, and by Lemmas 4.9 and 4.11, and since (−1,−1) = 1, we have
γ (ψ ◦ N) = (1,−ζ )γF (ψ)2γF (−ζ,ψ) = γF (−1,ψ)−1γF (−ζ,ψ)
= γF (−1,ψ)γF (−1,ψ)−2γF (−ζ,ψ) = γF (−1,ψ)(−1,−1)γF (−ζ,ψ)
= γF (ζ,ψ)(−1,−ζ ) = γF (ζ,ψ)(−1, ζ ). 
4.3. Setup
In this subsection we will prove Theorem 1.3 and Theorem 1.4 for the positive depth supercuspidal
representations of PGL(2, F ).
Let F denote a non-Archimedean local ﬁeld of characteristic zero with residual characteristic co-
prime to 2. Let E/F be a quadratic extension. Write E = F (√ζ ) for some ζ ∈ F ∗ and let δ := √ζ .
E∗ embeds as an elliptic torus in GL(2, F ) via the map
E∗ ↪→ GL(2, F )
a+ bδ →
(
a b
bζ a
)
and therefore E∗/F ∗ embeds in PGL(2, F ) as an elliptic torus as well.
We now explain why double covers of tori play a role. We start by considering the group PGL(2, F ).
First recall that the representations of PGL(2, F ) are precisely the representations of GL(2, F ) with
trivial central character. Let φ be a supercuspidal Weil parameter for PGL(2, F ). Then φ = IndWFW (χ),E
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det(IndWFWE (χ)) = χ |F ∗ ⊗ δE/F , where δE/F = det(Ind
WF
WE
(1)). In the case that E/F is quadratic, δE/F =
ℵE/F . Thus, by Proposition 4.7, χ |F ∗ = ℵE/F . Therefore, the supercuspidal representations of PGL(2, F )
are parameterized by the admissible pairs (E/F ,χ) where χ |F ∗ = ℵE/F . Such a χ is not a character
of the elliptic torus E∗/F ∗ in PGL(2, F ). Rather, it is a genuine character of a double cover E∗/N(E∗)
of E∗/F ∗ arising from the canonical exact sequence (note that ker(ℵE/F ) = N(E∗)):
1→ F ∗/N(E∗)→ E∗/N(E∗)→ E∗/F ∗ → 1.
Since F ∗/N(E∗) ∼= Z/2Z by the local class ﬁeld theory, we have that E∗/N(E∗) is a double cover
of the torus E∗/F ∗ . Then the character χ of E∗ naturally factors to a genuine character χ˜ of
E∗/N(E∗), given by χ˜ ([w]) := χ(w) ∀[w] ∈ E∗/N(E∗). Therefore, the supercuspidal representations
of PGL(2, F ) are naturally parameterized by genuine characters of the double cover E∗/N(E∗). This
double cover E∗/N(E∗) is none other than an analogue of the ρ-cover that appears in the theory
over the reals (see Deﬁnition 1.1). We explain this now.
Let T (F ) be an elliptic torus in PGL(2, F ). Then T (F ) ∼= E∗/F ∗ for some quadratic extension E/F .
A choice of isomorphism T (F ) ∼= E∗/F ∗ deﬁnes a standard positive root α(z) = z/z, for z ∈ E∗/F ∗ .
Let ρ be half the positive root. Fix a character τ˜ of E∗ whose restriction to F ∗ is ℵE/F , and set
τ := τ˜ | |E . Recall the denominator that was deﬁned in Theorem 1.3. Although τ ◦ ρ is not naturally
a function on E∗/F ∗ since in particular ρ is not naturally a function on E∗/F ∗ , it is by deﬁnition
a function on the τ ◦ ρ-cover of E∗/F ∗ . Recall Deﬁnition 1.2. Then in our case, T (F )τ◦ρ = {(z, λ) ∈
E∗/F ∗ ×C∗: τ (2ρ(z)) = λ2}.
Lemma 4.14. E∗/N(E∗) ∼= T (F )τ◦ρ .
Proof. Deﬁne the map
E∗/N
(
E∗
) κ−→ T (F )τ◦ρ
[w] → (z, τ˜ (w)∣∣2ρ(z)∣∣1/2)
where we are taking the positive square root of the absolute value, and where z is the image
of [w] ∈ E∗/N(E∗) in E∗/F ∗ . To show injectivity, suppose κ([w]) = (1,1), where w ∈ E∗ . Since
z = 1, we get w ∈ F ∗ . But since τ˜ (w)|2ρ(z)|1/2 = 1, we get that w ∈ N(E∗) since τ˜ |F ∗ = ℵE/F and
since |2ρ(z)| = 1 since z = 1. To show surjectivity, suppose (z, λ) ∈ T (F )τ◦ρ , where z is the im-
age of w ∈ E∗ in E∗/F ∗ . Then, by deﬁnition of T (F )τ◦ρ , we get that τ (2ρ(z)) = λ2. This means
that τ˜ (w/w)|2ρ(z)| = λ2. But τ˜ is trivial on the norms, so we have that τ˜ (w/w) = τ˜ (w2/N(w)) =
τ˜ (w)2. Therefore, λ = ±τ˜ (w)|2ρ(z)|1/2. If λ = τ˜ (w)|2ρ(z)|1/2, then we get that κ([w]) = (z, λ). If
λ = −τ˜ (w)|2ρ(z)|1/2, then let x ∈ F ∗ \ N(E∗). Then κ([xw]) = (z, λ). Therefore, κ is surjective. Since
κ is clearly a homomorphism, κ is an isomorphism. 
We note that the importance of the term |2ρ(z)|1/2 comes from the fact that
∣∣D(z)∣∣ 12 = ∣∣0(z,+)∣∣∣∣2ρ(z)∣∣1/2,
an observation made in Section 3. The reason why this is important is that the term |D(z)|1/2 appears
in the supercuspidal characters (see Section 4.4).
Now let’s write down the character formula for a supercuspidal representation of PGL(2, F ). Let
φ : WF → GL(2,C) be a supercuspidal parameter for PGL(2, F ) so that φ = IndWFWE (χ) for some ad-
missible pair (E/F ,χ), where E = F (√ζ ) for some ζ . As discussed earlier, this gives us a genuine
character χ˜ of E∗/N(E∗). Now recall from Theorem 1.3 the proposed character formula for F (χ˜ ). We
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main T (F )τ◦ρ . Recall that T (F )τ◦ρ ∼= E∗/N(E∗) by Lemma 4.14, so we can pull the function (τ ◦ρ)(w)
and the Weyl group action in F (χ˜ ) back to E∗/N(E∗) via this isomorphism, and leave our constructed
χ˜ as living on E∗/N(E∗). That is, we consider
F (χ˜ )(z) = (χ˜ ,+, τ ) ∑s∈W (s)χ˜ (s[w])
τ (0(z,+))(τ ◦ ρ)(κ([w])) , z ∈ T (F )
reg,
where [w] ∈ E∗/N(E∗) such that Π(κ([w])) = z. We will deﬁne (χ˜ ,+, τ ) in Section 4.4. Unwind-
ing the deﬁnitions, we see that
(τ ◦ ρ)(κ([w]))= τ˜ (w)∣∣2ρ(z)∣∣1/2 ∀[w] ∈ E∗/N(E∗),
where z is the image in E∗/F ∗ of [w].
We also need to deﬁne the Weyl group action. The Weyl group action on the τ ◦ ρ-cover is ob-
tained as follows. If (z, λ) is an element of T (F )τ◦ρ , then analogously to the real case (recall (1.3)),
deﬁne s(z, λ) = (sz, λτ ((s−1ρ − ρ)(z))) for s ∈ W = W (G(F ), T (F )) = Aut(E/F ), the relative Weyl
group. Note that this is well-deﬁned. Simplifying this expression, we get s(z, λ) = (z, λτ (w/w)) when
s ∈ W is nontrivial, and where z means the image of w in E∗/F ∗ . Then, since our character formula
lives on E∗/N(E∗), we must pull back this action from T (F )τ◦ρ to E∗/N(E∗) via κ . Doing this, we
see that we get s[w] = κ−1(sκ([w])) = κ−1(s(z, τ˜ (w)|2ρ(z)|1/2)) = κ−1(z, τ˜ (w)|2ρ(z)|1/2τ (w/w)) =
κ−1(z, τ˜ (w)|2ρ(z)|1/2) = z ∀[w] ∈ E∗/N(E∗) when s ∈ W = Aut(E/F ) is nontrivial, since |2ρ(z)| =
|w/w| = 1 ∀w ∈ E∗ , where z is the image of w in E∗/F ∗ .
Then, pulling the denominator of the proposed character formula and the Weyl group action back
to E∗/N(E∗) via κ , we get
F (χ˜ )(z) = (χ˜ ,+, τ ) χ˜ ([w]) + (−1, ζ )χ˜ ([w])
τ˜ (1− z/z)|0(z,+)|τ˜ (w)|2ρ(z)|1/2
where z ∈ E∗/F ∗ and [w] ∈ E∗/N(E∗) is some element that maps to z under the map E∗/N(E∗) →
E∗/F ∗ . We can also pull this character formula all the way back to E∗ , and we get
F (χ˜ )(z) = (χ˜ ,+, τ ) χ(w) + (−1, ζ )χ(w)
τ˜ (1− w/w)|0(w,+)|τ˜ (w)|2ρ(w)|1/2 ,
where z ∈ E∗/F ∗ and w ∈ E∗ is some element that maps to z under the map E∗ → E∗/F ∗ . We will
see that this proposed character formula for PGL(2, F ) is independent of the choice of τ .
Note that our formula simpliﬁes:
F (χ˜ )(z) = (χ˜ ,+, τ )χ(w) + (−1, ζ )χ(w)
τ˜ (w − w)|D(z)|1/2 , z ∈ T (F )
reg,
where w ∈ E∗ is any element that maps to z ∈ T (F ) = E∗/F ∗ under the canonical map E∗ → E∗/F ∗ .
The reason is that if [w] ∈ E∗/N(E∗) maps to z ∈ E∗/F ∗ , then 2ρ(z) = w/w , since the positive
root of GL(2, F ) factors to PGL(2, F ) and since |D(z)|1/2 = |0(z,+)||2ρ(z)|1/2 from Section 3.
We also note that if we had made the other choice of + , the denominator in our character
formula would include the term τ˜ (w − w) instead of τ˜ (w − w). However, because our deﬁnition of
(χ˜ ,+, τ ) includes the term (+) (see Section 4.4), our overall character formula F (χ˜ ) remains
the same regardless of the choice of positive root.
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jectural character formula for a supercuspidal representation of PGL(2, F ), to a supercuspidal Weil
parameter of PGL(2, F ), given by
{
supercuspidal φ : WF → SL(2,C)
} → χ˜ ∈ T̂ (F )τ◦ρ → F (χ˜ ).
4.4. The constant (χ˜ ,+, τ )
We now turn to the question of deﬁning the constant (χ˜ ,+, τ ). We recall the main theorem
of [8] which describes the distribution characters of positive depth supercuspidal representations of
GL(2, F ). We only write down the part of the character formula that we need.
Theorem 4.15. (See [8, Theorem 5.3.2].) Let (E/F , φ) be an admissible pair where E/F has degree 2 and φ has
positive level, and write G ′ = E∗ . Let π = πφ be the associated supercuspidal representation of GL(2, F ) given
by Theorem 4.3. Then
θπ (w)
deg(π)
=
⎧⎨
⎩
Cλ(σ )
∑
w∈W φ(wt) if n(w) = 0 and w = gt with g ∈ G and t ∈ G ′,
C
∑
w∈W φ(wt)γ (α(φ), wY ) if 0< n(w) r/2 and w = gt where t = c(1+ Y )
with c ∈ Z , g ∈ G,and Y ∈ g′n(w) \ (zn(w) + g′n(w)+).
We note that in [8], Xπ is the notation used instead of α(φ) (recall the notation α(φ) from Sec-
tion 4.1). We prefer to use the notation α(φ). Moreover, C := cψ(g′)c−1ψ (g)|D(w)|−1/2|η(α(φ))|−1/2
is deﬁned in [8, Section 5.3]. This notation is explained in [8, Sections 4–5]. In particular, D and η
denote the Weyl discriminants of G and g, respectively. Moreover, n(w) will be deﬁned in Section 4.5.
Let (E/F ,χ) be an admissible pair. To deﬁne (χ˜ ,+, τ ), we need to calculate the constant
γ (α(χ), Y ) in the above theorem. We refer the reader to [8, Theorem 5.3.2] and [8, page 55] for
various notation. We follow the same notation.
Let G = GL(2, F ), g = gl(2, F ), G ′ = E∗ , g′ = E . We have a direct sum decomposition g = g′ + g⊥
where the perpendicular is taken with respect to the trace form 〈Z1, Z2〉 := Tr(Z1 Z2) ∀Z1, Z2 ∈ g.
Recall our ﬁxed additive character ψ of F . Let V ,W ∈ g⊥ . Then we deﬁne
Q (α(χ),Y )(V ,W ) :=
(
trace
([
α(χ),W
][V , Y ])/2).
Q (α(χ),Y )(V ,W ) is a non-degenerate, symmetric, bilinear form on g⊥ . Then, γ (α(χ), Y ) is by deﬁni-
tion the Weil index of ψ ◦ Q (α(χ),Y ) (see [13]).
Recall that g′ may be embedded in M2(F ) by
g′ ↪→ g
a+ dδ →
(
a d
dζ a
)
, a,d ∈ F ,
where E = F (δ) with δ = √ζ .
Lemma 4.16. Let α(χ) = ( a xxζ a ) ∈ g′ and Y = ( t yyζ t ) ∈ g′ . Then
γ
(
α(χ), Y
)= (x, ζ )(y, ζ )γF (ζ,ψ).
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0 −1
)
and B = ( 0 1−ζ 0 ) form a basis for g⊥ . Let V = ( a b−bζ −a ),
W = ( c d−dζ −c ) ∈ g⊥ be arbitrary. Then
Q (α(χ),Y )(V ,W ) = −4bdxyζ 2 + 4acxyζ.
Now Q (α(χ),Y )(A, A) = 4xyζ , Q (α(χ),Y )(B, B) = −4xyζ 2, and Q (α(χ),Y )(A, B) = Q (α(χ),Y )(B, A) = 0.
Therefore the matrix of the quadratic form Q (α(χ),Y ) is
(
4xyζ 0
0 −4xyζ 2
)
.
By Deﬁnition 4.10, we have
γ (ψ ◦ Q (α(χ),Y )) = hF (Q (α(χ),Y ))γF (ψ)nγF
(
det(Q (α(χ),Y )),ψ
)
.
In our case, n = 2, and we also have that by Lemma 4.11,
hF (Q (α(χ),Y )) =
(
4xyζ,−4xyζ 2)= (ζ,−xy).
Then, Lemma 4.9 implies that
γF (ψ)
2 = γF (−1,ψ)−1 and
γF
(
det(Q (α(χ),Y )),ψ
)= γF (−16x2 y2ζ 3,ψ)= γF (−ζ,ψ).
Thus, by Lemma 4.9,
γ (ψ ◦ Q (α(χ),Y )) = (ζ,−xy)γF (−1,ψ)−1γF (−ζ,ψ)
= (ζ,−xy)γF (ζ,ψ)(−1, ζ ) = (x, ζ )(y, ζ )γF (ζ,ψ). 
Deﬁnition 4.17. Let (E/F ,χ) be an admissible pair such that χ has level m 1. Let α(χ) ∈ p−mE satisfy
χ(1 + x) = ψ(TrE/F (α(χ)x)), x ∈ pmE (see [6, Section 19]). Associated to (E/F ,χ) is a supercuspidal
representation π := πχ via Theorem 4.3. Now, α(χ) ∈ E∗ , so α(χ) = a + xπ δ for some a, xπ ∈ F . Let
deg(π) denote the formal degree of π . Recall from Section 4.3 our choice of isomorphism T (F ) ∼=
E∗/F ∗ , giving rise to the standard positive root z → z/z, for z ∈ E∗/F ∗ . Let + be a choice of a
positive root of GL(2, F ) with respect to the maximal torus T (F ). Deﬁne (+) to be 1 if + is the
standard positive root and deﬁne (+) to be τ˜ (−1) if + is the opposite root. Then, we deﬁne
(χ˜ ,+, τ ) := deg(π)(xπ , ζ )γF (ζ,ψ)τ˜ (2δ)cψ(g′)c−1ψ (g)|η(α(χ))|−
1
2 (+), where cψ(g′), cψ(g), and
η(α(χ)) are deﬁned in [8, Section 5].
In the calculations we will make throughout the rest of this section and the next, we will make
a choice of + to be the standard set of positive roots. Therefore, the term (+) is just 1, and
therefore this term will not appear in most of our calculations and formulas. We have shown in
Section 4.3 that our results are independent of the choice of + . When we consider the depth zero
setting in Section 5, we will deﬁne another constant (χ˜ ,+, τ ) in terms of (+), and we will
show in that section that our results are independent of the choice of + .
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We need to understand the sets n(w) = 0 and 0 < n(w) r/2 (cf. Theorem 4.15). We recall some
relevant notions and deﬁnitions from [8, Section 5.3, Section 3.2]. In general, we deﬁne a ﬁltration on
E∗ by setting G ′t := 1+ pteE for t > 0, where e is the ramiﬁcation index of E over F and G ′ := E∗ . We
also deﬁne G ′t+ :=
⋃
s>t G
′
s for t > 0. These are just the Moy–Prasad ﬁltrations from [12]. We let Z(G)
denote the center of G = GL(2, F ).
Deﬁnition 4.18. Let w ∈ Z(G)G ′0+ \ Z(G). Then n(w) is deﬁned by w ∈ Z(G)G ′n(w) \ Z(G)G ′n(w)+ . A de-
composition of w by deﬁnition is the writing of w in the form w = ab where a ∈ Z(G), b ∈ G ′n(w) .
Deﬁnition 4.19. If w is not in Z(G)G ′0+ = F ∗(1+ pE ), then deﬁne n(w) = 0.
We will now determine decompositions of all elements of E∗ \ F ∗ . We ﬁrst deal with the situa-
tion where E/F is ramiﬁed. Without loss of generality we write E = F (√p). Note that we are not
interested in the cases where w ∈ F ∗ , since distribution characters are only deﬁned on the regular
set.
Lemma 4.20. Let w = pnu + pmvδ ∈ E∗ , where u, v ∈ o∗F , and n,m ∈ Z such that nm. We can rewrite w
as
w = pnu
(
1+ pm−n+ 12 v
u
)
.
Thus, w ∈ F ∗(1+ p2m−2n+1E ). Moreover, w is not in F ∗(1+ p2m−2n+2E ). Therefore, a decomposition of w is
w = pnu
(
1+ pm−n+ 12 v
u
)
= pnu
(
1+ √p2m−2n+1 v
u
)
.
Proof. Suppose by way of contradiction that w = x(1 + s(√p)2m−2n+2), s ∈ o∗E , x ∈ F ∗ . Write
x−1pnu(1 + v ′pm−n+1/2) = 1 + spm−n+1 where v ′ = vu . x ∈ F ∗ is arbitrary, therefore x−1pnu ∈ F ∗
is arbitrary, so the proof of the lemma reduces to showing that there is no y ∈ F ∗ such that
y(1+ v ′pm−n+1/2) = 1+ spm−n+1. One may now consider power series expansions of both sides and
compare leading coeﬃcients to get the result. 
Lemma 4.21.
(1) Let w = pnu + pmvδ ∈ E∗ where u = 0, v = 0. Then n(w) = 0.
(2) Let w = pnu + pmvδ ∈ E∗ , where u, v = 0, n >m. Then n(w) = 0.
Proof. The proofs are similar. 
We now describe decompositions of elements of E∗ when E/F is unramiﬁed. Then E = F (√ζ )
where ζ ∈ F ∗ is a non-square unit. The proofs of the following lemmas are similar as in the ramiﬁed
case.
Lemma 4.22. Let w = pnu + pmvδ ∈ E∗ , where u, v ∈ F both nonzero, n <m. Then n(w) > 0 and a decom-
position of w is
w = pnu
(
1+ pm−n δv
u
)
.
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(1) Let w = pnu + pmvδ ∈ E∗ , where u = 0, v = 0. Then n(w) = 0.
(2) Let w = pnu + pmvδ ∈ E∗ , where u, v = 0 and nm. Then n(w) = 0.
4.6. On the proof that our character formulas agree with positive depth supercuspidal characters
Here we prove that on the range {z ∈ T (F )reg: 0 n(z) r/2}, where T (F ) is an elliptic torus in
PGL(2, F ), our conjectured character formula agrees with the character of a speciﬁc positive depth su-
percuspidal representation of PGL(2, F ), and this supercuspidal is the one given by the local Langlands
correspondence.
In the remainder of the section and the next, we will deal exclusively with GL(2, F ), and so we set
T (F ) = E∗ . Recall from Section 4.3 that our proposed character formula pulls back to GL(2, F ) to give
F (χ˜ )(w) = (χ˜ ,+, τ )χ(w) + (−1, ζ )χ(w)
τ˜ (w − w)|D(w)|1/2 , w ∈ T (F )
reg.
It will be useful for computational purposes to rewrite this formula as
F (χ˜ )(w) = (χ˜ ,+,w)χ(w) + (−1, ζ )χ(w)
τ˜ ( w−w2δ )
, w ∈ T (F )reg,
where (χ˜ ,+,w) = deg(π)(xπ , ζ )γF (ζ,ψ)C(+) and
C := cψ
(
g′
)
c−1ψ (g)
∣∣D(w)∣∣−1/2∣∣η(α(χ))∣∣−1/2
is as in Section 4.4. We will use this rewritten version for the rest of Section 5. Note that F (χ˜ ) is
independent of the choice of τ because w−w2δ ∈ F ∗ , and we have required only that τ˜ |F ∗ = ℵE/F . We
will start by assuming that all of our admissible pairs (E/F ,χ) are minimal (cf. Deﬁnition 4.2), and
then we will show that there is no harm in assuming this, and that all of our results are true for
arbitrary admissible pairs.
First we consider the case that E/F is ramiﬁed, so we may take E = F (√p) without loss of
generality. In other words, we take ζ = p. The same proofs work in the case E = F (√dp), where
d ∈ o∗F is not a square. We must ﬁrst conduct a careful analysis of the supercuspidal characters in the
0 < n(w) r/2 range. Recall that on the regular set, n(w) > 0 if and only if w = pnu + pmvδ where
nm. First we need the following lemma.
Lemma 4.24. Let F be a local ﬁeld whose residual characteristic is not 2. Suppose λ is a character of F ∗ whose
order is a power of 2. Then λ|1+pE ≡ 1.
Proof. Let w ∈ 1+ pE . Then w is a square since the leading term in the power series expansion is 1.
Moreover, one of the square roots of w is in 1 + pE . We may then proceed inductively to conclude
that w is a 2n-th power for any n ∈N. 
Lemma 4.25. Let w ∈ E∗ be such that n(w) > 0, and write a decomposition w = c(1 + Y ) as in Section 4.5
and Theorem 4.15. Then γ (α(χ), Y ) = (xπ , ζ )γF (ζ,ψ)ν( w−w2δ )ν(w) for any character ν of E∗ whose restric-
tion to F ∗ is ℵE/F and whose order is a power of 2. Similarly, γ (α(χ), sY ) = (xπ , ζ )γF (ζ,ψ)ν( w−w2δ )ν(w)∀w ∈ E∗: n(w) > 0 where 1 = s ∈ W = W (G(F ), T (F )).
Proof. Recall from Lemma 4.16 that if α(χ), Y embed in g′ as α(χ) = ( a xπxπ ζ a ) and Y = ( t yyζ t ), then
γ (α(χ), Y ) = (xπ , ζ )(y, ζ )γF (ζ,ψ). If w =m + nδ ∈ E∗ where m,n ∈ F ∗ , then a decomposition of w
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that
γ
(
α(χ), Y
)= (xπ , ζ )γF (ζ,ψ)ν(w − w
2δ
)
ν
(
w + w
2
)
.
Now, ν( w+w2 ) = ν(w)ν( 12 (1+ w/w)), but since n(w) > 0, we have w ∈ F ∗(1+ pE ), so w/w ∈ 1+ pE .
So 12 (1+ w/w) ∈ 1+ pE , and therefore ν( 12 (1+ w/w)) = 1 by Lemma 4.24. 
Therefore, we can simplify the supercuspidal character of Theorem 4.15, in the 0 < n(w)  r/2
range, to
θπ (w) = 
(
φ˜,+,w
)φ(w)ν(w) + (−1, ζ )φ(w)ν(w)
ν( w−w2δ )
∀w ∈ E∗: 0< n(w) r/2
where ν is any character of E∗ whose restriction to F ∗ is ℵE/F and whose order is a power of 2. Note
that ν( w−w2δ ) = ±1, and we have moved this term to the denominator in θπ (w).
Suppose we set φ = χν−1, where ν is some character of E∗ whose restriction to F ∗ is ℵE/F
and whose order is a power of 2. It is easy to see that α(χ) = α(φ) since ν|1+pE ≡ 1. Therefore,
(φ˜,+,w) = (χ˜ ,+,w). Therefore, the above analysis shows F (χ˜ )(w) = θπ (w) ∀w ∈ E∗: 0 <
n(w)  r/2 where φ = χν−1 for any character ν of E∗ whose restriction to F ∗ is ℵE/F and whose
order is a power of 2.
We will need to investigate the n(w) = 0 range to see which such characters ν can arise, if any.
We will show that our conjectured formula agrees with a supercuspidal character in the n(w) = 0
range, for a unique ν . We will also show that ν = Fμ−1χ , and so φ = χ Fμχ .
In the next lemma, we will calculate F (χ˜ ) on the n(w) = 0 range, giving a simpler formula in
terms of any character Ω of E∗ whose restriction to F ∗ is ℵE/F and whose order is a power of 2.
We introduce the new notation Ω instead of using ν for the following reason. We want to show now
that, on the n(w) = 0 range, F (χ˜ ) agrees with θπ for φ = χν−1 for some character ν of E∗ whose
restriction to F ∗ is ℵE/F and whose order is a power of 2. We want to show that there is some choice
of Ω and some choice of ν , such that our conjectural character formula F (χ˜ ) agrees with θπ on the
n(w) = 0 range, and that these choices are in fact unique. Both character formulas do not depend on
the choice of Ω and ν , on the n(w) = 0 range. However, they agree on the n(w) = 0 range only for
a speciﬁc choice of Ω and ν , and this is where the character twist Fμχ will pop out. Indeed, we
will show in the end that we are forced to set Ω = ν−1. Therefore, if we used the notation ν instead
of Ω , this may have caused serious confusion, since the reader may have thought that F (χ˜ ) and θπ
agreed on the n(w) = 0 range if one sets φ = χν−1 and one sets Ω = ν in the next lemma (indeed,
this would not hold since ν is sometimes quartic). We note that we will use the notation Ω again
when we consider the case that E/F is unramiﬁed.
Lemma 4.26.
F (χ˜ )(w) = (χ˜ ,+,w)(χ(w)Ω(w
δ
)
+ χ(w)Ω
(
w
δ
))
∀w ∈ E∗: n(w) = 0,
for any character Ω of E∗ whose restriction to F ∗ is ℵE/F and whose order is a power of 2.
Proof. Recall that n(w) = 0 if and only if either (i) w = pnu + pmvδ, where u, v are both nonzero,
n > m, or (ii) w = pmvδ, where v is nonzero. In case (i), w
δ
= pmv + pn u
δ
= pmv(1 + pn−m uvδ ).
Note that 1 + pn−m uvδ ∈ 1 + pE . Ω is trivial on 1 + pE by Lemma 4.24, and thus we have that
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δ
) = Ω(pmv(1 + pn−m uvδ )) = Ω(pmv) = Ω( w−w2δ ) = τ˜ ( w−w2δ ). In case (ii), it’s clear that Ω( wδ ) =
Ω( w−w2δ ) = τ˜ ( w−w2δ ). Therefore, we get that
τ˜
(
w − w
2δ
)
= Ω
(
w
δ
)
∀w ∈ E∗: n(w) = 0.
Thus, since τ˜ (−1) = (−1, ζ ), F (χ˜ ) simpliﬁes in the n(w) = 0 range.
F (χ˜ )(w) = (χ˜ ,+,w)(χ(w)Ω(w
δ
)
+ χ(w)Ω
(
w
δ
))
∀w ∈ E∗: n(w) = 0.
Note that τ˜ ( w−w2δ ) = ±1, and we have moved this term from the denominator of F (χ˜ )(w) to the
numerator. 
Lemma 4.27. F (χ˜ )(w) = θπ (w) ∀w ∈ E∗: n(w) = 0, for φ = χν−1 , for some character ν of E∗ whose
restriction to F ∗ isℵE/F andwhose order is a power of 2. In particular, F (χ˜ )(w) = θπ (w) ∀w ∈ E∗: n(w) = 0
for φ = χ Fμχ .
Proof. Since E/F is ramiﬁed and since gx,r/2 = gx,(r/2)+ , λ(σ ) = 1 (see [8] for relevant notation).
Unwinding the deﬁnitions, one can see that to prove the lemma, it suﬃces to show that Ω(δ) =
(xπ , ζ )γF (ζ,ψ)Ω(w)ν(w). If we let Ω = ν−1, then we are reduced to showing that there is some
character ν of E∗ whose restriction to F ∗ is ℵE/F , and whose order is a power of 2, such that ν−1(δ) =
(xπ , ζ )γF (ζ,ψ). We claim that ν := Fμ−1χ is such a character.
So we want to show that Fμχ(δ) = (xπ , ζ )γF (ζ,ψ). We need to investigate the term α(φ). Note
that α(φ) = α(χ) since ν|1+pE ≡ 1. We prefer to work with α(χ). Firstly, since E/F is ramiﬁed,
χ has odd level n = 2m + 1 [6, Section 19]. We also have α(χ) ∈ p−nE (cf. Section 4.3). So let α(χ) =
pku + pvδ. The fact that n is odd clearly implies that  < k. Therefore, rewriting α(χ) as α(χ) =
p
√
p(v + pk−−1/2u), we get ℵE/F (Γ (α(χ),)) = (v0, ζ ) where v0 is the leading term of the power
series expansion of v . But (v0, ζ ) = (v, ζ ). Moreover, α(χ) ∈ p−nE implies that −n = 2 + 1. Then, by
deﬁnition of xπ , we get that xπ = pv . Now, by deﬁnition of Fμχ , we have Fμχ(δ) = (v, ζ )λE/F (ψ)n
and we wish to show that this is equal to (xπ , ζ )γF (ζ,ψ) = (pv, ζ )γF (ζ,ψ). Cancelling out terms,
we want to show that (p, ζ )γF (ζ,ψ) = λE/F (ψ)−2−1 since −n = 2 + 1. Well, we know that
λE/F (ψ)
2+2 = (−1, ζ )+1
(cf. [6, page 217]). Multiplying the conjectural equality (p, ζ )γF (ζ ,ψ)=λE/F (ψ)−2−1 by λE/F (ψ)2+2
on both sides, we are now reduced to showing that λE/F (ψ) = γF (ζ,ψ)(p, ζ )(−1, ζ )+1. But re-
call that we have assumed from the beginning that ζ = p. Moreover, (−1, ζ ) = (ζ, ζ ). Therefore,
(p, ζ )(−1, ζ )+1 = (ζ, ζ )(−1, ζ )+1 = (−1, ζ )2+1 = (−1, ζ ). Therefore, we are reduced to showing
that λE/F (ψ) = γF (ζ,ψ)(−1, ζ ). But we proved this in Lemma 4.13. 
Therefore, we have proven the following, when E/F is ramiﬁed.
Theorem 4.28. F (χ˜ ) agrees with the character of the supercuspidal representation πχ Fμχ on the range{w ∈ E∗: 0 n(w) r/2}.
What we have actually proven is that if (E/F ,χ) is a minimal admissible pair with E/F ramiﬁed
and χ having positive level, then F (χ˜ ) agrees with the character of the supercuspidal representation
πχ Fμχ on the range {w ∈ E∗: 0 n(w) r/2}. To prove this for an arbitrary admissible pair follows
from this. For if (E/F ,χ) is an arbitrary admissible pair, then there exists a minimal admissible
pair (E/F ,χ ′) such that χ = χ ′φE where φE = φ ◦ NE/F for some φ ∈ F̂ ∗ . Moreover, πχ = φπχ ′ by
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∗: 0 n(w) r/2}. Therefore,
θπχ F μχ (w) = θπχ ′φE F μχ ′φE (w) = θπχ ′φE F μχ ′ (w) = φE (w)θπχ ′ F μχ ′ (w) = φE(w)F (χ˜
′)(w) = F (χ˜ ′φE)(w) =
F (χ˜ )(w) on the range {w ∈ E∗: 0 n(w) r/2}.
Now we consider the case E/F is unramiﬁed, so δ = √ζ , where ζ ∈ o∗F is not a square. Note that
(−1, ζ ) = 1 since E/F is unramiﬁed.
We again ﬁrst conduct a careful analysis of the supercuspidal characters evaluated on the range
{w ∈ E∗: 0 < n(w)  r/2}. Recall that on the regular set, n(w) > 0 if and only if w = pnu + pmvδ,
u, v ∈ o∗F where n <m.
Proposition 4.29. F (χ˜ ) agrees with the character of the supercuspidal representation πχν−1 in the 0 <
n(w) r/2 range, where ν is any character of E∗ whose restriction to F ∗ is ℵE/F and whose order is a power
of 2.
Proof. Again we claim that
γ
(
α(χ), Y
)= (xπ , ζ )γF (ζ,ψ)ν(w − w
2δ
)
ν(w),
γ
(
α(χ), sY
)= (xπ , ζ )γF (ζ,ψ)ν(w − w
2δ
)
ν(w)
where 1 = s ∈ W = Aut(E/F ) and α(χ) = a + xπδ, for a, xπ ∈ F . The reasoning is similar as in
Lemma 4.25. One must prove that ν( w+w2 ) = ν(w) ∀w ∈ E∗: n(w) > 0. This is elementary.
Therefore, we can simplify the supercuspidal character of Theorem 4.15, on the 0 < n(w)  r/2
range, to
θπ (w) = 
(
φ˜,+,w
)φ(w)ν(w) + (−1, ζ )φ(w)ν(w)
ν( w−w2δ )
∀w ∈ E∗: 0< n(w) r/2. 
Suppose we set φ = χν−1, where ν is some character of E∗ whose restriction to F ∗ is ℵE/F and
whose order is a power of 2. Again, as in the ramiﬁed case, α(χ) = α(φ), since ν|1+pE ≡ 1. Therefore,
(φ˜,+,w) = (χ˜ ,+,w). Therefore, the above analysis shows F (χ˜ )(w) = θπ (w) ∀w ∈ E∗: 0 <
n(w) < r/2 where φ = χν−1 for any character ν of E∗ whose restriction to F ∗ is ℵE/F and whose
order is a power of 2.
We will need to investigate the n(w) = 0 range to see which such characters ν can arise, if any.
We will show that our conjectured formula agrees with a supercuspidal character in the n(w) = 0
range, for a unique ν . We will also show that ν = Fμ−1χ , and so φ = χ Fμχ .
Lemma 4.30.
F (χ˜ )(w) = (χ˜ ,+,w)(χ(w)Ω(w
δ
)
+ χ(w)Ω
(
w
δ
))
∀w ∈ E∗: n(w) = 0,
for the unique unramiﬁed character Ω of E∗ whose restriction to F ∗ is ℵE/F .
Proof. Recall that n(w) = 0 if and only if either (i) w = pnu + pmvδ, where u, v are both nonzero,
n > m, or (ii) w = pmvδ, where v is nonzero, or (iii) w = pnu + pmvδ, where n = m and u, v are
both nonzero. We ﬁrst show that τ˜ ( w−w2δ ) = Ω( wδ ) ∀w ∈ E∗: n(w) = 0. In case (i), wδ = pmv + pn uδ =
pmv(1 + pn−m uvδ ). Note that 1 + pn−m uvδ ∈ 1 + pE . But Ω is trivial on 1 + pE since Ω is unramiﬁed.
Therefore, we have Ω( w
δ
) = Ω(pmv(1 + pn−m uvδ )) = Ω(pmv) = Ω( w−w2δ ) = τ˜ ( w−w2δ ). In case (ii), it’s
clear that Ω( w
δ
) = Ω( w−w2δ ) = τ˜ ( w−w2δ ). In case (iii), w = pn(u + vδ). But u + vδ ∈ o∗E , and therefore
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get Ω( w
δ
) = τ˜ ( w−w2δ ). Therefore,
τ˜
(
w − w
2δ
)
= Ω
(
w
δ
)
∀w ∈ E∗: n(w) = 0.
Since τ˜ (−1) = (−1, ζ ) = 1, F (χ˜ ) simpliﬁes in the n(w) = 0 range.
F (χ˜ )(z) = (χ˜ ,+,w)(χ(w)τ˜(w − w
2δ
)
+χ(w)τ˜
(
w − w
2δ
))
= (χ˜ ,+,w)(χ(w)Ω(w
δ
)
+χ(w)Ω
(
w
δ
))
∀w ∈ E∗: n(w) = 0. 
We want to show that F (χ˜ )(w) = θπ (w) ∀w ∈ E∗: n(w) = 0 for φ = χν−1 for some character ν of
E∗ whose restriction to F ∗ is ℵE/F and whose order is a power of 2. Note that Ω(δ) = 1 since Ω is un-
ramiﬁed. Unwinding the deﬁnitions, one can see that to prove F (χ˜ )(w) = θπ (w) ∀w ∈ E∗: n(w) = 0
for φ = χν−1, it suﬃces to show that
(xπ , ζ )γF (ζ,ψ)χ(w)Ω(w) = χ(w)ν−1(w)λ(σ ) ∀w ∈ E∗: n(w) = 0.
Lemma 4.31. λ(σ ) = (xπ , ζ )γF (ζ,ψ).
Proof. Since E/F is unramiﬁed, we have λ(σ ) = (−1)r+1 where r is the depth of the supercuspidal
representation πφ (cf. [8, Section 5.3]). Note that the depth of πφ equals the depth of πχ since
ν|1+pE ≡ 1, i.e. ν has level zero.
Now, consider the term (xπ , ζ ). We need to investigate the term α(φ). Note that α(φ) = α(χ)
since again, ν|1+pE ≡ 1. We prefer to work with α(χ). Recall that α(χ) ∈ p−nE . Moreover, since α(χ) ∈
g′−r \ g′−r+ (cf. [8, page 34]), we have that n = r. Now let α(χ) = pku + plvδ. We need a lemma.
Lemma 4.32. l = −n.
Proof. Since (E/F ,χ) is a minimal admissible pair (cf. [6, Section 19.2, line 1]), we have that α(χ)
is a minimal element over F (see [6, Proposition 18.2]). By [6, Section 13.4], α(χ) is minimal over F
if and only if (α(χ) + p−n+1E ) ∩ F = ∅, where n = −vE (α(χ)). Now, it must be the case that either
l = −n or k = −n (or both), since vE (α(χ)) = −n. So suppose by way of contradiction that k = −n
but l = −n. Let w = pau′ + pbv ′δ ∈ p−n+1E . Then α(χ) + w ∈ F if and only if pl vδ + pbv ′δ = 0. Then
since α(χ) ∈ p−nE \ p−n+1E and since k = −n, we must have that l −n. But we have assumed l = −n,
so that means l −n + 1. Thus, b −n + 1. Therefore, just pick any a ∈ Z such that a −n + 1 and
any u′ and set pbv ′ = −pl v . Then we get that pau′ + pbv ′δ ∈ p−n+1E and that α(χ) + w ∈ F . Thus,
(α(χ) + p−n+1E ) ∩ F = ∅, a contradiction, and the lemma is proven. 
Returning to the proof of the proposition, recall that xπ = pl v . Thus, (xπ , ζ ) = (p−nv, ζ ). Also,
since r = n, we have λ(σ ) = (−1)r+1 = (−1)n+1. Therefore, we are reduced to showing that
(
p−nv, ζ
)
γF (ζ,ψ) = (−1)n+1
so equivalently, γF (ζ,ψ) = −1. But since ψ has level 1, it is a fact that γF (ζ,ψ) = −1 by
Lemma 4.12. 
M. Adrian / Journal of Number Theory 133 (2013) 446–474 467Proposition 4.33. F (χ˜ )(w) = θπ (w) ∀w ∈ E∗: n(w) = 0, for φ = χν−1 , for some character ν of E∗ whose
restriction to F ∗ is ℵE/F andwhose order is a power of 2. In particular, F (χ˜ )(w) = θπ (w) ∀w ∈ E∗: n(w) = 0
for φ = χ Fμχ .
Proof. By the previous lemma, the conjectured equation
(xπ , ζ )γF (ζ,ψ)χ(w)Ω(w) = χ(w)ν−1(w)λ(σ ) ∀w ∈ E∗: n(w) = 0,
simpliﬁes to Ω(w) = ν−1(w) ∀w ∈ E∗: n(w) = 0. Therefore, ν−1 is an unramiﬁed character of E∗
whose restriction to F ∗ is ℵE/F . This implies that ν−1 = Fμχ = Fμ−1χ . 
Therefore, we have proven the following, when E/F is unramiﬁed.
Theorem 4.34. F (χ˜) agrees with the character of the supercuspidal representation πχ Fμχ on the range{w ∈ E∗: 0 n(w) r/2}.
What we have actually proven is that if (E/F ,χ) is a minimal admissible pair with E/F unramiﬁed
and χ having positive level, then F (χ˜ ) agrees with the character of the supercuspidal representation
πχ Fμχ on the range {w ∈ E∗: 0 n(w) r/2}. To prove this for an arbitrary admissible pair follows.
For if (E/F ,χ) is an arbitrary admissible pair, then there exists a minimal admissible pair (E/F ,χ ′)
such that χ = χ ′φE where φE = φ ◦ NE/F for some φ ∈ F̂ ∗ . Moreover, πχ = φπχ ′ by deﬁnition. We
proved above that F (χ˜ ′) = θπχ ′ F μχ ′ on the range {w ∈ E
∗: 0 n(w) r/2}. Therefore, θπχ F μχ (w) =
θπχ ′φE F μχ ′φE
(w) = θπχ ′φE F μχ ′ (w) = φE(w)θπχ ′ F μχ ′ (w) = φE(w)F (χ˜ ′)(w) = F (χ˜ ′φE)(w) = F (χ˜ )(w) on
the range {w ∈ E∗: 0 n(w) r/2}.
4.7. On whether there are two positive depth character formulas coming from the same Cartan
In the next two subsections we show that a positive depth supercuspidal representation of GL(2, F )
(and hence PGL(2, F )) is uniquely determined by the restriction of its distribution character to the
n(w) = 0 range. In this subsection, we show that if the distribution characters of two positive depth
supercuspidal representations, both coming from the same Cartan, agree on the n(w) = 0 range, then
the supercuspidal representations are isomorphic. Recall that we have proven in Section 4.6 that if
(E/F ,χ) is an admissible pair, then
θπχ F μχ (w) = 
(
χ˜ ,+,w
)χ(w) + (−1, ζ )χ(w)
τ˜ ( w−w2δ )
on the range 0  n(w)  r/2. We will use this formula regularly in what follows, as well as in the
next section. We note that all of the supercuspidal representations of GL(2, F ) are given by πχ Fμχ for
some admissible pair (E/F ,χ) (by Theorem 4.6).
Theorem 4.35. Suppose (E/F ,χ1) and (E/F ,χ2) are admissible pairs such that θπχ1 F μχ1 (w) = θπχ2 F μχ2 (w)∀w ∈ {z ∈ E∗: n(z) = 0}. Then, χ1 = χυ2 for some υ ∈ Aut(E/F ).
The proof consists of the following two lemmas.
Lemma 4.36. Let E/F be ramiﬁed. Suppose (E/F ,χ1) and (E/F ,χ2) are admissible pairs such that
θπχ μχ (w) = θπχ μχ (w) ∀w ∈ {z ∈ E∗: n(z) = 0}. Then, χ1 = χυ2 for some υ ∈ Aut(E/F ).1 F 1 2 F 2
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
(
χ˜1,
+,w
)χ1(w) + (−1, ζ )χ1(w)
τ˜ ( w−w2δ )
= (χ˜2,+,w)χ2(w) + (−1, ζ )χ2(w)
τ˜ ( w−w2δ )
∀w ∈ E∗: n(w) = 0.
Let us write α(χ)i for the α(χ) that are associated to the pairs (E/F ,χi), and similarly for xπi (see
Deﬁnition 4.17), and similarly for deg(πi). Now, let ci = deg(πi)(xπi , ζ )|η(α(χ)i)|−1/2. Then, cancelling
out like terms, we have that
c1
(
χ1(w) + (−1, ζ )χ1(w)
)= c2(χ2(w) + (−1, ζ )χ2(w)) ∀w ∈ E∗: n(w) = 0.
We will prove in Proposition 4.39 that there exists a w ′ ∈ E∗ \ F ∗(1 + pE) such that χ1(w ′) +
(−1, ζ )χ1(w ′) = 0. Therefore, the same proof of [18, Lemma 5.1] shows that χ1|F ∗(1+pE ) = χυ2 |F ∗(1+pE )
for some υ ∈ Aut(E/F ). For the following arguments, it suﬃces without loss of generality to assume
υ = 1.
Let c := c1c2 . Let [χ ](w) := χ(w) + (−1, ζ )χ(w). Then we have c[χ1](w) = [χ2](w) ∀w ∈ E∗ \
F ∗(1 + pE) and we also have that χ1|F ∗(1+pE ) = χ2|F ∗(1+pE ) . Now let pE be a uniformizer of E and
recall that p is a uniformizer of F . We may take pE so that p2E = p. Since χ1(p) = χ2(p), we have
that χ1(pE )2 = χ2(pE )2, and so χ2(pE ) = ξ2χ1(pE ) where ξ2 could be plus or minus 1. Therefore,
χ2(w) = χ1(w)ξ vE (w)2 ∀w ∈ E∗ . Therefore, after substituting and noting that val(w) = val(υ(w)), we
obtain
c[χ1](w) = ξ val(w)2 [χ1](w) ∀w ∈ E∗ \ F ∗(1+ pE).
Again, we will prove in the next subsection that there exists a w ′ ∈ E∗ \ F ∗(1 + pE ) such that
[χ1](w ′) = 0. Therefore, we can cancel [χ1](w ′) from both sides to obtain
c = ξ val(w ′)2 .
Therefore, c is plus or minus 1.
Suppose that c = 1. Then, we get [χ1](w) = [χ2](w) ∀w ∈ E∗ . By linear independence of charac-
ters, χ1 = χ2.
Suppose c = −1. Then χ2(w) = χ1(w)(−1)val(w) . This implies that χ2 = χ1 ⊗ φE , where φE := φ ◦
NE/F where φ = ℵL/F where L/F is the unique unramiﬁed degree 2 extension of F . In this case, one
can check that α(χ)1 = α(χ)2. Therefore, c = deg(π1)deg(π2) . But formal degrees are positive real numbers,
and so we get a contradiction to the supposition that c = −1.
Therefore, χ1 = χ2 or χ1 = χυ2 , and so the admissible pairs are isomorphic. 
Lemma 4.37. Let E/F be unramiﬁed. Suppose (E/F ,χ1) and (E/F ,χ2) are admissible pairs such that
θπχ1 F μχ1
(w) = θπχ2 F μχ2 (w) ∀w ∈ {z ∈ E∗: n(z) = 0}. Then, χ1 = χυ2 for some υ ∈ Aut(E/F ).
Proof. An analogous argument as in [18, pages 73–74] works here. 
4.8. On whether there are two positive depth character formulas coming from different Cartans
In this subsection we show that the distribution characters of two positive depth supercuspidal
representations, coming from different Cartans, can’t agree on the n(w) = 0 range. This, together with
the results from the previous subsection, shows that if (E/F ,χ) is an admissible pair, then there is
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{w ∈ E∗: n(w) = 0}.
As part of the proof of the following theorem, we will need to show that a supercuspidal character
of GL(2, F ) cannot vanish on all of the n(w) = 0 elements of its associated Cartan subgroup. That is, if
(E/F ,χ) is an admissible pair, then there exists a w ∈ E∗ such that n(w) = 0 and θπχ (w) = 0. Again,
we will regularly use the formula
θπχ F μχ (w) = 
(
χ˜ ,+,w
)χ(w) + (−1, ζ )χ(w)
τ˜ ( w−w2δ )
on the range 0 n(w) r/2.
Theorem4.38. Suppose (E/F ,χ) and (E1/F ,χ1) are admissible pairs with E  E1 . Then ∃w ∈ E∗: n(w) = 0
such that θπχ F μχ (w) = θπχ1 F μχ1 (w).
Let E = F (√ζE ) and E1 = F (
√
ζE1 ). There are many cases to check, and we split them up in a
sequence of propositions.
Proposition 4.39. Suppose (E/F ,χ) and (E1/F ,χ1) are admissible pairs with E ramiﬁed and E1 unramiﬁed.
Then ∃w ∈ E∗: n(w) = 0 such that θπχ F μχ (w) = θπχ1 F μχ1 (w).
Proof. By comparing valuations of determinants of elements, one can show that since the inducing
representation of the representation coming from E1 is E∗1Gx1,r1/2 (where the point x1 comes from
E1 and the depth r1 comes from χ1; see [8, page 35]), then if w ∈ E∗: n(w) = 0, then one can’t
conjugate w into E∗1Gx1,r1/2. Therefore, θπχ1 F μχ1 (w) = 0.
Suppose by way of contradiction that θπχ F μχ (w) = 0 ∀w ∈ E∗: n(w) = 0. Then χ(w) +
(−1, ζE )χ(w) = 0 ∀w ∈ E∗: n(w) = 0. Thus, χ(w/w)2 = 1 ∀w ∈ E∗: n(w) = 0. But since the set
{w ∈ E∗: n(w) = 0} generates all of E∗ as a group, we get that χ |(E∗)2 = χυ |(E∗)2 . Now since
1 + pE ⊂ (E∗)2, we get χ |1+pE = χυ |1+pE , which contradicts the fact that (E/F ,χ) is an admissi-
ble pair. 
Proposition 4.40. Suppose (E/F ,χ) and (E1/F ,χ1) are admissible pairs with E  E1 , with E unramiﬁed
and E1 ramiﬁed. Then ∃w ∈ E∗: n(w) = 0 such that θπχ F μχ (w) = θπχ1 F μχ1 (w).
We will need to split this proposition into two cases: (−1, p) = 1 and (−1, p) = −1. We have
E = F (√ζ ), where ζ ∈ o∗F is not a square, and without loss of generality E1 = F (
√
p).
Lemma 4.41. Suppose (−1, p) = 1. Suppose (E/F ,χ) and (E1/F ,χ1) are admissible pairs with E unramiﬁed
and E1 ramiﬁed. Then ∃w ∈ E∗: n(w) = 0 such that θπχ F μχ (w) = θπχ1 F μχ1 (w).
Proof. We use the same strategy as in Proposition 4.39. Recall that w ∈ E∗: n(w) = 0 if and only if
(i) w = pmvδ, (ii) w = pnu + pmvδ, n =m, or (iii) w = pnu + pmvδ, n >m.
By comparing determinants again, one can show that if w is of the form (i) or (iii), then w can’t be
conjugated into E∗1Gx1,r1/2. (This is easy to show when (−1, p) = 1. We will say something else when
we consider the case (−1, p) = −1.) Therefore, θπχ1 F μχ1 (w) = 0 for all w of the form (i) and (iii).
It is also the case that θπχ1 F μχ1 (w) = 0 for all w of the form (ii), by [16, Proposition 2]. Therefore,
θπχ1 F μχ1
(w) = 0 for all w such that n(w) = 0.
Assume that θπχ F μχ (w) = 0 for all w such that n(w) = 0. We will now ﬁnd a contradiction. We
need the following lemma.
Lemma 4.42. χ |F ∗(1+pE ) = χυ |F ∗(1+pE ) , where υ generates Aut(E/F ).
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w2 is of the form (iii). Now, since θπχ F μχ (w) = 0 on all w of the form (i) and (iii), we have
χ(w1) + χ(w1) = 0,
χ(w2) +χ(w2) = 0.
Multiplying the ﬁrst equation by χ(w2) and the second equation by χ(w1), we conclude that
χ(w2w1) = χ(w1w2).
Therefore, χ(z) = χ(z) ∀z ∈ 1+ pE . Since χ(x) = χ(x) ∀x ∈ F ∗ , we get
χ |F ∗(1+pE ) = χυ |F ∗(1+pE ). 
By a similar argument as in the proof of Lemma 4.42, we have that since θπχ F μχ (w) = 0∀w ∈ E∗: n(w) = 0, then χ(w1w2) = χ(w1w2) ∀w1,w2 ∈ E∗: n(w1) = n(w2) = 0. Now, if w1 is of
the form (i) and w2 is of the form (ii), then w1w2 is of the form (ii). This shows that χ(z) = χ(z) for
some element z of the form (ii). Therefore, χ(z) + χ(z) = 2χ(z) = 0, which says that θπχ F μχ (z) = 0.
But since n(z) = 0, we have contradicted our assumption that θπχ F μχ (w) = 0 for all w such that
n(w) = 0. Thus, we have shown that there must exist an element w ∈ E∗ such that n(w) = 0 and
θπχ F μχ (w) = 0. Finally, we are done with proving Lemma 4.41. 
Lemma 4.43. Suppose (−1, p) = −1. Suppose (E/F ,χ) and (E1/F ,χ1) are admissible pairs with E unram-
iﬁed and E1 ramiﬁed. Then ∃w ∈ E∗: n(w) = 0 such that θπχ F μχ (w) = θπχ1 F μχ1 (w).
Proof. Recall again that w ∈ E∗: n(w) = 0 if and only if either (i) w = pmvδ, (ii) w = pnu + pmvδ,
n =m, or (iii) w = pnu + pmvδ, n >m.
We want to show like in Lemma 4.41 that θπχ1 F μχ1 vanishes on elements of the form (i), (ii),
and (iii). After showing this, the rest of the proof of Lemma 4.43 goes exactly the same way as in
Lemma 4.41. But [16, Proposition 2] shows that θπχ1 F μχ1 (w) = 0 for all w ∈ E∗ such that w is of the
form (i), (ii), or (iii). 
Therefore, we have ﬁnished the proof of Proposition 4.40.
Proposition 4.44. Suppose (E/F ,χ) and (E1/F ,χ1) are admissible pairs with E  E1 , with E ramiﬁed and
E1 ramiﬁed. Then ∃w ∈ E∗: n(w) = 0 such that θπχ F μχ (w) = θπχ1 F μχ1 (w).
Proof. Suppose without loss of generality that E = F (√p) and E1 = F (√ζ p), ζ ∈ o∗F not a square. We
ﬁrst claim that elements w ∈ E∗ such that n(w) = 0 can’t be conjugated into E∗1Gx1,r1/2.
Recall that w ∈ E∗ such that n(w) = 0 if and only if either w = pnu + pmv√p with n > m,
u, v = 0, or w = pmv√p with v = 0. Suppose w = pmv√p. Then det(w) = N(w) = −p2m+1v2. Note
that det(Gx1,r1/2) = 1 + pF and det(E∗1Gx1,r1/2) = NE1/F (E∗1). Well, (det(w), ζ p) = (−p2m+1v2, ζ p) =
(−p, ζ p) = (−1, ζ p)(p, ζ p) = (ζ p, ζ p)(p, ζ p) = (ζ p2, ζ p) = (ζ, ζ p) = (ζ, ζ )(ζ, p) = (ζ, p) = −1.
Therefore, det(w) can’t be a norm from E1. Suppose now that w = pnu + pmv√p with n >m, with
u, v = 0. Then w = pmv√p(1+ z), for some z ∈ pE . Therefore, det(w) = N(w) = −p2m+1v2(1+ z′) for
some z′ ∈ pF , and as above we have (det(w), ζ p) = −1, so det(w) can’t be a norm from E1. The rest
of the proof follows as in Proposition 4.39 above. 
We have now ﬁnished the proof of Theorem 4.38. Summing up, we have altogether shown that if
(E/F ,χ) is an admissible pair such that χ has positive level, then there is a unique positive depth
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agrees with F (χ˜ ). There is one minor point here to resolve. Is there possibly a depth zero supercusp-
idal representation whose character, on the range {z ∈ T (F )reg: 0 n(z) r/2}, also equals F (χ˜ )? We
will prove in the next section that if (E1/F ,χ1) is an admissible pair corresponding to a depth zero
supercuspidal representation π , then its character formula, on the range {z ∈ T (F )reg: 0 n(z) r/2},
is
F (χ˜1)(w) = −
(
+
)deg(π)
deg(σ )
(
χ1(w) + (−1, ζ )χ1(w)
τ˜ ( w−w2δ )
)
, w ∈ E∗1 \ F ∗(1+ pE1).
Here, we are writing π := IndGZ K σ , where Z is the center of GL(2, F ) and K = GL(2,oF ), for some
representation σ . Then, the same arguments as in Theorems 4.35 and 4.38 show that the character
of π cannot equal F (χ˜ ), on the range {z ∈ T (F )reg: 0  n(z)  r/2}, unless E = E1 and χ = χυ1 for
some υ ∈ Aut(E/F ). But even this is not possible since by assumption, χ1 has level zero, whereas χ
has positive level.
Therefore, combining Theorems 4.35, 4.38, and 4.34, we obtain the following result.
Theorem 4.45. The assignment
{
supercuspidal φ : WF → SL(2,C)
} → χ˜ ∈ T̂ (F )τ◦ρ → π(χ˜)
from Section 4.3 is the local Langlands correspondence for positive depth supercuspidal representations of
PGL(2, F ), where π(χ˜) is the unique supercuspidal representation whose character, on the range {z ∈
T (F )reg: 0 n(z) r/2}, is F (χ˜ ).
5. Depth zero supercuspidal character formulas for PGL(2, F )
5.1. On the proof that our conjectural character formulas agree with depth zero supercuspidal characters
In the following two subsections, we prove Theorems 1.3 and 1.4 for the case of depth zero super-
cuspidal representations of PGL(2, F ).
Let us recall from the previous section that the proposed character formula simpliﬁes to
F (χ˜ )(w) = (χ˜ ,+, τ )(χ(w) + (−1, ζ )χ(w)
τ˜ (w − w)∣∣D(w)∣∣1/2
)
, w ∈ T (F )reg.
For depth zero representations we deﬁne (χ˜ ,+, τ ) := deg(π)τ˜ (2δ)deg(σ ) (+), where (+) is as in
Section 4.4. We will show later that our results are independent of the choice of + . Recall from Sec-
tion 4.3 our choice of isomorphism T (F ) ∼= E∗/F ∗ , giving rise to the standard positive root z → z/z,
for z ∈ E∗/F ∗ . We will again here choose + to be the standard positive root of GL(2, F ) with respect
to the maximal torus T (F ). Let us recall the following theorem on characters of depth zero super-
cuspidal representations π := IndGF ∗K σ of GL(2, F ), where we are identifying F ∗ with the center of
GL(2, F ) and K = GL(2,oF ). We cite the theorem from [8], however the result is due to Phil Kutzko
(see [10]). We only write down the part of the character formula that we need.
Theorem 5.1.1 (See [8, Theorem 5.4.1].) Suppose γ ∈ F ∗K reg0 . Then
θπ (γ )
deg(π)
= χπ(c) χσ (γ )
deg(σ )
if γ = cw is unramiﬁed elliptic and γ /∈ F ∗K1, c ∈ F ∗, w ∈ K0.
1 Notice that this theorem is slightly different than the one from [8]. It is because there are a few typos in [8].
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Fq-rank of G, for any algebraic group G deﬁned over Fq . Let (E/F ,χ) be an admissible pair cor-
responding to a depth zero supercuspidal representation via Theorem 4.3. This means that E/F is
unramiﬁed and χ has level zero, so χ |o∗E gives rise to a character θ of the multiplicative group of the
residue ﬁeld Fq2 of E . Now let G := GL(2,Fq). Let T be the maximal torus of G deﬁned over Fq such
that TΦ = F∗
q2
is the elliptic torus in GL(2,Fq), where Φ denotes Frobenius. Then, by Deligne–Lusztig
theory, the pair (T, θ) yields a generalized character RT,θ of G(Fq) = GL(2,Fq). We let C0(s) denote
the connected component of the centralizer of s in G.
Proposition 5.2. (See [7, Proposition 7.5.3].) If s ∈GΦ is semisimple, then
RT,θ (s) =
TC0(s)
|TΦ ||C0(s)Φ |p
∑
g∈GΦ : g−1sg∈TΦ
θ
(
g−1sg
)
.
Let Ts denote the split torus in G. Then T is obtained from Ts by twisting by the canonical
generator w of the Weyl group. Then TΦ = TwΦs .
Proposition 5.3.
RT,θ (s) =
1∑
i=0
θ
(
υ i(s)
)
for all regular semisimple s in TΦ , where υ is the generator of Gal(Fq2/Fq).
Proof. Let s ∈ TΦ be regular semisimple. Note that if g ∈GΦ satisﬁes g−1sg ∈ TΦ , then g ∈ NGΦ (TΦ).
Therefore,
∑
g∈GΦ : g−1sg∈TΦ
θ
(
g−1sg
)= ∑
g∈N
GΦ
(TΦ)
θ
(
g−1sg
)
= ∣∣TΦ ∣∣ ∑
w∈N
GΦ
(TΦ)/TΦ
θ
(ws)= ∣∣TΦ ∣∣ 1∑
i=0
θ
(
υ i(s)
)
since W (G(Fq),T(Fq)) = Aut(Fq2/Fq).
Since s ∈ TΦ is regular semisimple, |C0(s)Φ |p = 1. Moreover, T = C0(s) = −1. Therefore,
RT,θ (s) = TC0(s)
1∑
i=0
θ
(
υ i(s)
)= (θ(s) + θ(s)). 
Our character formula is deﬁned on the unramiﬁed elliptic torus E∗ . We wish to show that our
character formula agrees with a depth zero supercuspidal character on the set where they are both
deﬁned, i.e. the set (F ∗K0 \ F ∗K1) ∩ E∗ .
Lemma 5.4. (F ∗K0 \ F ∗K1) ∩ E∗ = F ∗A = E∗ \ F ∗(1+ pE) = {z ∈ T (F )reg: n(z) = 0}, where A := {pnu +
vδ: n 0}.
Proof. The proof is not diﬃcult. 
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∗A.
Proof. Recall that Fμχ is the unique quadratic unramiﬁed character of E∗ . Therefore, we need to
show that
deg(π)
deg(σ )
(
χ(w) + (−1, ζ )χ(w)
τ˜ ( w−w2δ )|D(w)|1/2
)
= deg(π)
deg(σ )
(
χ(w)Fμχ(w) + χ(w)Fμχ(w)
) ∀w ∈ F ∗A.
Let w ∈ A, so w = pnu + vδ,n 0. Then |D(w)| = 1. Moreover, τ˜ ( w−w2δ ) = τ˜ (v) = 1. But Fμχ(w) = 1
∀w ∈ A since Fμχ is unramiﬁed. Therefore, both sides agree on A. Finally, since τ˜ (x) = Fμχ(x)−1
∀x ∈ F ∗ , we have that both sides agree on F ∗A. 
Note that in constructing the character formula F (χ˜ ), we have chosen + to be the standard
positive root. If we had made the other choice of + , the denominator in our character formula would
include the term τ˜ (w − w) instead of τ˜ (w − w). However, because our deﬁnition of (χ˜ ,+, τ )
includes the term (+), F (χ˜ ) remains the same regardless of the choice of positive root.
5.2. On whether there are two character formulas coming from the same Cartan
In this section, we show that if the distribution characters of two depth zero supercuspidal repre-
sentations, both (necessarily) coming from the unramiﬁed Cartan, agree on the n(w) = 0 range, then
the supercuspidal representations are isomorphic.
Theorem 5.6. Suppose (E/F ,χ1), (E/F ,χ2) are admissible pairs such that F (χ˜1)(w) = F (χ˜2)(w) on the set
E∗ \ F ∗(1+ pE ). Then χ1 = χυ2 for some υ ∈ Aut(E/F ).
Proof. An analogous argument as in [18, pages 73–74] works here. 
Summing up, we have altogether shown that if (E/F ,χ) is an admissible pair such that χ has
level zero, then there is a unique depth zero supercuspidal representation, πχ Fμχ , whose character,
on the range {z ∈ T (F )reg: 0  n(z)  r/2} = {z ∈ T (F )reg: n(z) = 0}, agrees with F (χ˜ ). There is one
minor point here to resolve. Is there possibly a positive depth supercuspidal representation whose
character, on the range {z ∈ T (F )reg: n(z) = 0}, also equals F (χ˜ )? The same argument as in the end
of Section 4.8 shows that there isn’t.
Therefore, combining Theorems 5.6 and 5.5, we obtain the following result.
Theorem 5.7. The assignment
{
supercuspidal φ : WF → SL(2,C)
} → χ˜ ∈ T̂ (F )τ◦ρ → π(χ˜)
from Section 4.3 is the local Langlands correspondence for depth zero supercuspidal representations of
PGL(2, F ), where π(χ˜) is the unique supercuspidal representation whose character, on the range {z ∈
T (F )reg: 0 n(z) r/2} = {z ∈ T (F )reg: n(z) = 0}, is F (χ˜ ).
Acknowledgments
I would like to thank Jeffrey Adams for directing my attention to this question and for being a
tremendous support throughout my career; and Stephen DeBacker for a very helpful conversation
during my visit to Michigan. I would also like to thank Loren Spice for many very helpful conversa-
tions and for answering many questions about his work. I would also like to thank Jeffrey Adler for
several very helpful conversations about my work. I also had several useful conversations with Hunter
Brooks and Sean Rostami.
474 M. Adrian / Journal of Number Theory 133 (2013) 446–474References
[1] J. Adams, Computing global characters, preprint, 2011.
[2] J. Adams, D. Vogan, L-groups, projective representations, and the Langlands classiﬁcation, Amer. J. Math. 113 (1991) 45–
138.
[3] M. Adrian, A new construction of the local Langlands correspondence for GL(n, F ), n a prime, preprint, arXiv:1008.2727.
[4] M. Adrian, J. Lansky, A real groups construction of the depth zero local Langlands correspondence for PGSp(4, F ), F a p-adic
ﬁeld, preprint.
[5] C. Bushnell, G. Henniart, The essentially tame local Langlands correspondence, I, J. Amer. Math. Soc. 18 (3) (2005) 685–710.
[6] C. Bushnell, G. Henniart, The Local Langlands Conjecture for GL(2), A Series of Comprehensive Studies in Mathematics,
vol. 335, Springer, Berlin, Heidelberg, 2006.
[7] R. Carter, Finite Groups of Lie Type: Conjugacy Classes and Complex Characters, John Wiley and Sons, Inc., 1993.
[8] S. DeBacker, On supercuspidal characters of GL ,  a prime, PhD thesis, University of Chicago, 1997.
[9] P. Kutzko, The Langlands conjecture for GL(2) of a local ﬁeld, Ann. of Math. (2) 112 (2) (1980) 381–412.
[10] P. Kutzko, Character formulas for supercuspidal representations of GL ,  a prime, Amer. J. Math. 109 (2) (1987) 201–221.
[11] A. Moy, Local constants and the tame Langlands correspondence, Amer. J. Math. 108 (4) (1986) 863–929.
[12] A. Moy, G. Prasad, Unreﬁned minimal K -types for p-adic groups, Invent. Math. 116 (1–3) (1994) 393–408.
[13] R. Ranga Rao, On some explicit formulas in the theory of Weil representation, Paciﬁc J. Math. 157 (2) (1993) 335–371.
[14] D. Roe, The local Langlands correspondence for tamely ramiﬁed groups, PhD thesis, Harvard University, 2011.
[15] P. Sally, J. Shalika, Characters of the discrete series of representations of SL(2) over a local ﬁeld, Proc. Natl. Acad. Sci. USA 61
(1968) 1231–1237.
[16] H. Shimizu, Some examples of new forms, J. Fac. Sci. Univ. Tokyo 24 (1) (1977) 97–113.
[17] A. Silberger, PGL(2) Over the p-Adics: Its Representations, Spherical Functions and Fourier Analysis, Lecture Notes in Math.,
vol. 166, Springer-Verlag, Berlin, New York, 1970, vii+204 pp.
[18] L. Spice, Supercuspidal characters of SL over a p-adic ﬁeld,  a prime, Amer. J. Math. 127 (1) (2005) 51–100.
